We analyze the possible constraints on parameters characterizing the pre-inflating universe in an open inflation model with a present day very slightly open ΛCDM universe. We employ an analytic model to show that for a broad class of inflation-generating effective potentials, the simple requirement that the observed dipole moment represents the pre-inflation curvature as it enters the horizon allows one to set upper and lower limits on the magnitude and wavelength scale of pre-inflation fluctuations in the inflaton field and the curvature of the pre-inflation universe, as a function of the fraction of the total initial energy density in the inflaton field. We estimate that if the current CMB dipole is a universal dark flow (or if it is near the upper limit set by the Planck Collaboration) then the current constraints on ΛCDM cosmological parameters imply rather small curvature Ω k 0.1 for the pre-inflating universe for a broad range of the fraction of the total energy in the inflaton field at the onset of inflation. Such small pre-inflation curvature might be indicative of open-inflation models in which there are two epochs of inflation.
I. INTRODUCTION
There is now a general consensus that cosmological observations have established that we live in a nearly flat universe. The best fit of the combined CMB + HiL +BAO fit by the Planck collaboration [1] . This is indeed very close to exactly flatness and there is a strong theoretical motivation to expect the present universe to be perfectly flat as a result of cosmic inflation.
Nevertheless, in this paper we consider the possibility that the present universe is slightly open, i.e. both CMB analyses allow Ω 0 ≥ 0.994 at the 95% confidence level. That being the case, then one can consider the possibility that we are in a slightly open ΛCDM universe. Indeed, it is well known that a matter-dominated universe must eventually deviate from perfect flatness since Ω(t) = 1 − k/[a(t) 2 H(t) 2 ] and the denominator eventually becomes small. In a ΛCDM cosmology, however, as the universe becomes cosmological-constant dominated, then H(t) → constant, and a(t) grows exponentially, so that flatness is eventually guaranteed. However, since we have only recently entered the dark-energy epoch, there is still a possibility for a slight deviation of Ω 0 from unity. In this case any curvature that existed before inflation could now be visible on the horizon.
In this paper, therefore, we entertain the possibility that the universe is slightly open with Ω 0 ≈ 0.994. In this case a glimpse of pre-inflation fluctuations could just now be entering the horizon before the universe becomes totally dark-energy dominated and flat. Our goal, therefore, is to determine what constraints might be placed on inhomogeneities and curvature in the pre-inflation universe based upon current cosmological observations.
We note that such pre-inflation fluctuations in the inflaton field could appear as a cosmic dark flow [3] [4] [5] possibly detectable as a universal cosmic dipole moment. Here, we utilize an analytic model originally developed in Ref. [6] for an open cosmology with a planar inhomogeneity of wavelength less than the initial Hubble scale. We update that model for a ΛCDM cosmology and a broad class of inflation-generating potentials rather than the φ 4 potential considered in that work. We also correct for some typos in that discussion.
We show that for a broad class of inflation generating potentials, one has a possibility to utilize the CMB dipole and current cosmological parameters to fix the amplitude and wavelength of fluctuations as a function of energy content of the inflaton field as the universe just entered the inflation epoch.
In this context, the recent interest [3] [4] [5] and controversy [7, 8] over the prospect that the local observed dipole motion with respect to the microwave background frame may not be a local phenomenon but could extend to very large (Gpc) distances is particularly relevant. This is precisely how a pre-inflation inhomogeneity would appear as it enters the horizon.
Indeed, if a detection were made it would be an exceedingly interesting as such apparent large scale motion could be a remnant of the birth of the universe out of the M-theory landscape [9] , or a remnant of multiple field inflation [10, 11] . Of particular interest to the present work, however, is the possibility that a large-scale dipole moment in the universe could be a remnant of pre-inflation fluctuations from any source, but just visible on the horizon now [6] in a nearly flat present universe.
It has been known since the 1980s [12] that the local dipole flow extends to well beyond the local super cluster. This was dubbed "the great attractor." However, subsequent work [13] has established that the local flow extends at least to 130 h −1 Mpc. Moreover, there is no evidence of infall into the "great attractor" at larger distances.
Attempts have been made [3] [4] [5] to observationally detect such dark flow by means of the kinetic SunayevZeldovich (KSZ) effect. This is a distortion of the CMB background along the line of sight to a distant galaxy cluster due to the motion of the cluster with respect to the background CMB. A detailed analysis of the KSZ effect based upon the WMAP data [2] seemed to confirm that a dark flow exists out to at least 800 h −1 Mpc [5] . However, this has not been confirmed by a follow-up analysis using the higher resolution data from the Planck Surveyor [7] . This has led to a controversy in the literature. For example, it has been convincingly argued in [8] that the background averaging method in the Planck Collaboration analysis may have led to an obscuration of the effect. Moreover, even though the constraints set by the Planck Collaboration are consistent with no dark flow, a dark flow is still possible in their analysis [7] up to a (95% confidence level) upper limit of 254 km s −1 . Hence, nearly half of the observed CMB dipole could still correspond to a cosmic dark-flow component.
Even so, our goal here is not to take a stand on this controversy, but merely explore one possible theoretical motivation for the existence of such cosmic dark flow should it ever be found to exist.
II. MODEL
We consider fluctuations in a scalar inflaton field. The energy density of a general inhomogeneous inflaton field is
We will assume that theφ 2 /2 term can dominate over V (φ) initially, but eventually V (φ) will dominate as inflation commences. The quantity most affected initially by the density perturbation in the scalar field is, therefore, the kineticφ 2 /2 term as inflation begins. We consider a broad range of general inflationgenerating potentials V (φ) to drive inflation [14] with the only restriction that they be continuously differentiable in the inflaton field φ, i.e. dV /dφ = 0. We also restrict ourselves to modest fluctuations in the scalar field with a wavelength less than the initial Hubble scale. This allows one to ignore the gravitational reaction to the inhomogeneities. Also, the perturbations in radiation density and curvature (gravity waves) decay as a −4 and quickly become small. This allows one to approximate the initial expansion with fluctuation perturbations on top the usual LFRW metric characterized by a dimensionless scale factor a(t).
where we adopt the usual coordinates such that k = −1 for an open cosmology, and a(t) = 1 at the present time.
The particle horizon is given by the radial null geodesic in these coordinates,
This is to be distinguished from the Hubble scale H −1 , which at any epoch is given by the Friedmann equation to be:
For small inhomogeneities, the coupled equations for the Friedmann equation and the inflation can then be written
where H = H(t) =ȧ/a is the Hubble parameter, and φ = φ(t, x) is the inhomogeneous inflaton field in terms of comoving coordinate x. One can assume that the matter is relativistic in the pre-inflation post-Planck epoch, so that ρ m = ρ m,i (a i /a) 4 with ρ m,i the initial mass-energy density in the matter field. The brackets ρ φ denote the average energy density in the inflaton field. That is, we decompose the energy density in the inflaton field into an average part and a fluctuating part.
The parameter ξRφ is included in Eq. (6) for completeness. It denotes a possible coupling of the inflaton field to gravity, where R is the Ricci scalar. In the case of minimal coupling ξ = 0, while for conformal coupling ξ = 1/6. In [6] it was shown that this term contributes negligibly and will not be considered here.
A. Initial Conditions
We presume that the initial inhomogeneities are determined at or near the Planck time. Hence, we set the initial Hubble scale equal to the Planck length,
For simplicity, one can consider [6] plane-wave inhomogeneities in the inflaton field.
The wavelength of the fluctuation can then be parameterized [6] by ,
with l dimensionless in the interval 0 < l < 1. The energy density in the initial inflaton field, ρ φ,i is constrained to be less than the Planck energy density. From Eqs. (5) and (8) this implies,
where 1 − Ω i is the initial curvature in the pre-inflation universe, and f is the fraction of the initial total energy density in the inflaton field. If the largest inhomogeneous contribution is from theφ 2 /2 term, then the amplitude of the inhomogeneity in Eq. (9) is similarly constrained to be,
Hence, the shorter the wavelength, the smaller the amplitude must be for the energy density not to exceed the Planck density. The maximum initial amplitude we consider is therefore
for fluctuations initially of a Hubble length. Hence, our assumption that one can treat the fluctuation as a perturbation on top of an average LFRW expansion is reasonable. Fluctuations beyond the Hubble scale can of course have larger amplitudes, but those are not considered here. Note also, however, that the assumption of ignoring the effect of gravitational perturbations on the inflaton field in Eq. (6) is justified as long as we restrict ourselves to fluctuations less than the Hubble scale Hλ < 1.
At the initial time t i we have H i λ i ≡ l < 1. After that the comoving wavelength Hλ decreases until inflation begins. During inflation then Hλ increases until a time t x at which H x λ x = 1. At this time the fluctuation exits the horizon and is frozen in until it re-enters the horizon at the present time. How much Hλ decreases during the time interval from t i to t x depends upon the initial closure parameter Ω i [6] .
B. An Analytic Model
The problem, therefore, has three cosmological parameters, Ω i , l, and f , plus parameters related to the inflaton potential V (φ). We now develop upon a simple analytic model [6] to show that the inflaton potential can be constrained [14] from the COBE [15] normalization of fluctuations in the CMB for any possible differential inflaton potential. We will also show that the initial wavelength parameter l and the initial closure Ω i can be constrained for a broad range of scalar-field energy-density contributions f by two requirements. One is that the resultant dipole anisotropy does not exceed the currently observed CMB dipole moment. The other is that the resulting dipole is in excess of the background due to quantum fluctuations generated during inflation.
To begin with, the equation of state for the total density in Eq. (5) can be approximated as
where A = ρ m,i , and B = (3m pl /8π))V (φ i ) are constants. Explicitly, from t i to t x , we invoke the slow-roll approximation. Another simplifying assumption is that V (φ) ∼ B is initially small compared to the matter density for the first scale (the one we are interested) to cross the horizon. This assumption was verified in [6] by a numerical of the equations of motion. With these assumptions, the solution [6] of Eq. (5) for the scale factor at horizon crossing is simply,
This analytic approximation was also verified to be accurate to a few percent by detailed numerical simulations in [6] . We are especially interested in the case where the length scales of these fluctuations were not expanded by inflation to be many orders of magnitude larger than the present observable scales; i.e., we have the minimal amount of inflation such that the pre-inflation horizon is just visible on the horizon now.
The energy density in the fluctuating part of the inflaton field given in Eqs. (1) and (7) can be written as
while the average part of the total energy density plus pressure can be written
Ignoring the gradient terms that decay away as a −4 we can express the approximate amplitude when a fluctuation exits the horizon to be
Now using the slow-roll conditioṅ
and Eq. (15), this reduces [6] to
where the constant K is given by:
What remains is to fix the normalization of the inflaton potential in Eq. (21).
C. Quantum Fluctuations
Up to now the discussion has not included the usual quantum generated fluctuations during inflation. These are produced from the same inflaton potential and are responsible for the fluctuations observed in higher moments of the CMB power spectrum. Here we note that the observed power spectrum of the CMB fixes the parameters of the inflaton potential that enters in Eq. (21) . We also note that in order for pre-inflation fluctuations to be visible on the current Hubble scale, we require them to be comparable to or greater than the quantum fluctuations generated during inflation.
In the slow-roll approximation, the amplitude of the inflation-generated quantum isocurvature fluctuations δρ Q as they exit the horizon at t = t x are [14] 
and for these, one has [14] 
Assuming that the only contribution to the observed CMB power spectrum is from adiabatic density perturbations, then the COBE [15] normalization (δ H = 1.91 × 10 −5 ) of the CMB power spectrum requires [14] ,
Since the same inflation-generating potential has expanded the pre-inflation fluctuation of interest here, we can deduce the constant K, independently of the analytic form of the potential,
Comparing Eqs. (20) with (23) one can see that the numerator of Eq. (20) implies that there is a constraint on pre-inflation fluctuation parameters from the requirement that the observed fluctuations exceed the magnitude of quantum fluctuations. Specifically,
This can be satisfied for a combination of values of l, Ω i , and f , but does not necessarily require l → 1 as suggested in [6] . To better constrain the pre-inflation parameters, however, one can apply one more constraint from the present nearly flat cosmological parameters.
D. Constraint from Ω0 in ΩΛ, and Ωm
Eq. (4) directly relates the present Hubble scale to the present value of Ω 0 ,
However, the pre-inflation comoving Hubble scale should appear on the present horizon, r h . In an open ΛCDM universe, the largest observable scale, that of the cosmic microwave background, has the comoving size
For a nearly flat Ω 0 = 0.994 cosmology we can adopt values Ω Λ = 0.697, and Ω m = 0.297, (with Ω γ = 0) that are consistent with the Planck [1] and WMAP [2] results. For these parameters, then r l /a 0 ≈ 3.3/H 0 . So, equating the pre-inflation comoving Hubble scale with the current horizon we have the following relation between Ω 0 and parameters Ω i and l
E. Constraint from CMB Dipole
What remains is to analyze constraints that the present observed CMB dipole moment places on the pre-inflation universe. The observed CMB temperature is T = 2.7258 ± 0.00057 [16] . The magnitude of the dipole moment with respect to the Sun is 3.346 mK, which when corrected [17] to the frame of the Local Group, increases to 5.68 mK.
Hence, from the observed CMB dipole we have
Equating this with Eqs. (20) and (21), then this gives the constraint
This represents an upper limit since it would correspond to the case where all of the observed CMB dipole is due to a pre-inflation dark flow, with no contribution from the motion of the Local Group with respect to the background CMB. For example, the Planck Collaboration upper limit of < 254 km s −1 [7] for a bulk flow velocity would imply an upper limit of the pre-inflation dipole moment to be δρ/ρ + p < 2.5 × 10 −3 leading to an upper limit of (f
III. RESULTS
Combining Eqs. (26), (29), and (31), one can see that there are unique values for Ω i and l for each value of f that satisfy these inequalities. These are summarized in Figure 1 . The upper solid lines show the upper limits to Ω i based upon the CMB-dipole or the Planck limit to the dark-flow velocity. The lower solid line is the lower limit to Ω i from the requirement that it exceed inflation generated quantum fluctuations. Similarly, the dashed lines show upper and lower limits to the wavelength parameter l as labeled. So for example, if the observed CMB dipole is mainly due to a cosmic dark flow [5] , then a rather large fluctuation wavelength, l ∼ 0.7 − 1 and small preinflation curvature (1 − Ω i ) ∼ 0.1 is implied for a broad range of the possible initial contribution f of the inflaton scalar field to the total pre-inflation energy density. Note, that f < 0.2 is not allowed in this case from the requirement that l < 1.
IV. CONCLUSION
Although open inflation models are not particularly appealing because they imply that only enough inflation occurred such that the pre-inflation curvature is beginning to enter the horizon, they are also interesting because they suggest that there may be an opportunity to glimpse the pre-inflation universe. The current constraints on cosmological parameters from the Planck Collaboration [1] and the WMAP analysis [2] suggest flatness, but are still consistent with a slightly open (Ω 0 > 0.994) nearly flat ΛCDM cosmology.
Here we have analyzed a chaotic open inflationary universe with plane-wave fluctuations in the scalar field characterized by a general inflaton potential. We have shown in a simple analytic model that such fluctuations are constrained by the requirement that they exceed the background quantum fluctuations in the CMB. They are also constrained by the near flatness of the current universe, while an upper limit on the pre-inflation parameters is obtained in the limit that such fluctuations appear on the present horizon with an amplitude as a "dark flow" universal CMB dipole.
If the present CMB dipole were to be established as a dark flow, or if the dark flow velocity were near the Planck 95% upper limit. that would constrain the preinflation closure parameter to be 0.9 for a broad range (f > 0.2) of the fraction of mass-energy in the inflaton field as the inflation epoch began. Such a small value for the pre-inflation curvature (1 − Ω i ) 0.1 could be suggestive of many possible open inflation models [14] in which there are two inflationary epochs.
For open inflation models [18, 19] , in the first epoch the universe must tunnel from a metastable vacuum state and then in a second epoch the universe slowly rolls down toward the true minimum. In string landscape [25] , for example, such tunneling transitions to lower metastable vacua can occur through the bubble nucleation. Other possibilities include "extended open inflation" [20] in which a nominally coupled scalar field with polynomial potentials exists for which there is a Coleman-de Luccia instanton, or that of two or multiple scalar fields [21] [22] [23] [24] , or a scalar-tensor theory in which a Brans-Dicke field has a potential along with a trapped scalar field [26] .
In this work we have considered only the simplest open inflation model. Clearly, however, new constraints may be possible on a multitude of possibilities and will be a subject of future work.
